ALGEBRAIC VOLUME DENSITY PROPERTY OF AFFINE 
ALGEBRAIC MANIFOLDS 

SHULIM KALIMAN AND FRANK KUTZSCHEBAUCH 

Abstract. We introduce the notion of algebraic volume density property for affine 
algebraic manifolds and prove some important basic facts about it, in particular that 
it implies the volume density property. The main results of the paper are producing 
two big classes of examples of Stein manifolds with volume density property. One 
class consists of certain affine modifications of C" equipped with a canonical volume 
form, the other is the class of all Linear Algebraic Groups equipped with the left 
invariant volume form. 



1. Introduction 

In this paper we study a less developed part of the Andersen-Lempert theory ([T], 
[3], [Zl, [20], [IB], [IS], [S]) namely the case of volume preserving maps. Recall that An- 
dersen-Lempert theory describes complex manifolds such that among other things the 
local phase flows on their holomorphically convex compact subsets can be approximated 
by global holomorphic automorphisms which leads to construction of holomorphic au- 
tomorphisms with prescribed local properties. Needless to say that this implies some 
remarkable consequences for such manifolds (e.g., see [20], [21], [12]). It turns out 
that a complex manifold has such approximations if it possesses the following density 
property introduced by Varolin. 

1.1. Definition. A complex manifold X has the density property if in the compact-open 
topology the Lie algebra Liehoi(A) generated by completely integrable holomorphic 
vector fields on X is dense in the Lie algebra VFhoi(A) of all holomorphic vector 
fields on X. An affine algebraic manifold X has the algebraic density property if the 
Lie algebra Lieaig(A) generated by completely integrable algebraic vector fields on it 
coincides with the Lie algebra VFaig(A) of all algebraic vector fields on it (clearly, the 
algebraic density property implies the density property). 

The algebraic density property was established for a wide variety of affine algebraic 
manifolds, including all connected linear algebraic groups except for C+ and complex 
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tori by the authors ^12j. Furthermore, in the coming paper of Donzelli, Dvorsky 
and the first author [5] it will be extended to homogeneous affine algebraic manifolds 
different from C+, complex tori, and one extra surface. 

However ANDERSEN, Lempert, Forstneric, Rosay and Varolin considered 
also another property which has similar consequences for automorphisms preserving a 
volume form. 

1.2. Definition. Let a complex manifold X be equipped with a holomorphic volume 
form LJ (i.e. u is nowhere vanishing section of the canonical bundle). We say that X 
has the volume density property with respect to u if in the compact-open topology 
the Lie algebra Lie^oi generated by globally integrable holomorphic vector fields u such 
that z/(a;) = 0, is dense in the Lie algebra 'VF'^^y{^) of holomorphic vector fields 
that annihilate uj (note that condition //(cj) = is equivalent to the fact that u is of 
zero w-divergence) . 

Compared with the density property, the class of complex manifolds with established 
volume density property has been quite narrow. It was essentially described by the 
original result of Andersen and Lempert [1], [3] who proved it for Euclidean spaces 
plus a few other examples found by Varolin [20]. In particular he proved that SL2{C) 
has volume density property with respect to the Haar form but he was unable to decide 
whether the following hypersurface given by a similar equation like SL2{C) 

= {(a,6,c,d) G : 0^0-^ = 1} 
had volume density property or not ([22] section 7). 

In order to deal with this lack of examples we introduce like in the previous pattern 
the following. 

1.3. Definition. If X is affine algebraic we say that X has the algebraic volume density 
property with respect to an algebraic volume form u if the Lie algebra Lie^jg generated 
by globally integrable algebraic vector fields u such that I'iuj) = 0, coincides with the 
Lie algebra VF^^ig(X) of all algebraic vector fields that annihilate u. 

It is much more difficult to establish the algebraic volume density property than 
the algebraic density property. This is caused, perhaps, by the following difference 
which does not allow to apply the most effective criterion for the algebraic density 
property (see [13]): VF^ig(X) is not a module over the ring C[X] of regular functions 
on X while VFaig(X) is. Furthermore, some features that are straightforward for the 
algebraic density property are not at all clear in the volume-preserving case. For 
instance, it is not quite obvious that the algebraic volume density property implies the 
volume density property and that the product of two manifolds with algebraic volume 
density property has again the algebraic volume density property. We shall show in 
this paper the validity of these two facts among other results that enable us to enlarge 
the class of examples of Stein manifolds with the volume density property substantially. 
In particular we establish the following. 
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Theorem 1. Let X' be a hypersurface in C"^^^ given by an equation of form P{u, v, x) = 
uv — p{x) = where p is a polynomial on with a smooth reduced zero fiber C such 
that its reduced cohomology H"'~'^{C, C) = 0. Let Q be a standard volume form on C""^^ 
and uj' be a volume form on X' such that uj' A dP = Q\x'- Then X' has the algebraic 
u' -volume density property. 

This gives, of course, an affirmative answer to Varolin's question mentioned before. 
The next theorem is our main resuh. 

Theorem 2. Let G be a linear algebraic group. Then G has the algebraic volume 
density property with respect to the left (or right) invariant volume form. 

Let us describe briefly the content of the paper and the main steps in the proof of 
these facts. 

In Section 2 we remind some standard facts about divergence. 

In Section 3 we deal with Theorem [1] in a slightly more general situation. Namely 
we consider a hypersurface X' in X x given by an equation P := uv — p{x) = 
where X is a smooth affine algebraic variety and p{x) is a regular function on X. We 
suppose that X is equipped with a volume form u and establish the existence of a 
volume form uj' on X' such that Q\x' = dP A uj where VL = du Adv Au. Then we prove 
(Proposition 13. 3p that X' has the cu'-volume algebraic density property provided two 
technical conditions (Al) and (A2) hold. 

Condition (A2) is easily verifiable for X' and condition (Al) is equivalent to the 
following (Lemma 13.41) : the space of zero tu-divergence algebraic vector fields on X 
tangent to the zero fiber C of p is generated by vector fields of form z/i(/p)z/2 — T^2{fp)^i 
where vi and V2 are commutative completely integrable algebraic vector fields of zero 
cu- divergence on X and / is a regular function on X. 

Then we notice the duality between the spaces of zero cu-divergence vector fields on 
X and closed (n — l)-forms on X which is achieved via the inner product that assigns 
to each vector field v the [n — l)-form Lu{(jj) (Lemma 13.51) . This duality allows to 
reformulate condition (Al) as the following: 

(i) the space of algebraic (n — 2)-forms on X is generated by the forms of type 
iij^Lu^{(jj) where vi and z/2 are as before; and 

(ii) the outer differentiation sends the space of {n — 2)-forms on X that vanish on G 
to the set of {n — l)-forms whose restriction to G yield the zero {n — l)-form on G. 

In the case of X isomorphic to a Euclidean space (i) holds automatically with vi and 
z/2 running over the set of partial derivatives. 

If the reduced cohomology if"-2(C, C) = and also i7"(X, C) = the validity of (ii) 
is a consequence of the Grothendieck theorem (see Proposition [XS]) that states that the 
complex cohomology can be computed via the De Rham complex of algebraic forms 
on a smooth affine algebraic variety which concludes the proof of Theorem [H 

We end Section 3 with an important corollary of Theorem [1] which will be important 
for the proof of Theorem [2] : the groups 5'L2(C) (already proved by Varolin as men- 
tioned above) and PSL2{'C) have the algebraic volume density property with respect 
to the invariant volume (Propositions IXTU] and 15^. lip . The proof is based on the fact 
that 5X2 (C) is isomorphic to the hypersurface in ^ given by uv — X1X2 — 1 = 0. 



4 



SHULIM KALIMAN AND FRANK KUTZSCHEBAUCH 



Section 4 contains two general facts about the algebraic volume density property 
with short but non-trivial proofs. The first of them (Proposition 14. ip says that the 
algebraic volume density property implies the volume density property (in the holo- 
morphic sense). It is also based on the Grothendieck theorem mentioned before. The 
second one (Proposition 14.41) states that the product X xY of two affine algebraic man- 
ifolds X and Y with the algebraic volume density property (with respect to volumes 
ux and uy) has also the algebraic volume density property (with respect to ux x ujy)- 
As a consequence of this result we establish the algebraic volume density property for 
all tori which was also established earlier by Varolin [2U] (recall that the density 
property is not established for higher dimensional tori yet and the algebraic density 
property does not hold for these objects [2j). 

We start Section 5 with discussion of a phenomenon which makes the proof of Propo- 
sition U3] about the algebraic volume density of X xY non-trivial and prevents us from 
spreading it directly to locally trivial fibrations. More precisely, consider the subspace 
Fy of C[Y] generated by the images lm6 with 6 running over Lie^ig(y). In general 
Fy 7^ C[Y] and the absence of equality here is the source of difficulties. Nevertherless 
one can follow the pattern of the proof of Proposition 14.41 in the case of fibrations when 
the span of Fy and constants yields C[Y]. A manifold Y with this property is called 
fine and we describe simple facts about such objects which include SL2 and PSL2. We 
also introduce the notion of a refined volume fibration p : W ^ X which a general- 
ization of the product situation. Among other assumptions the fiber of p, the base X, 
and the total space W are equipped with nicely related volume forms and the fiber is 
a fine manifold with the algebraic density property. The main result in Section 5 is 
Theorem H] saying that the total space of a refined volume fibration has the algebraic 
volume density property provided its base has the algebraic volume density property 
as well. 

Section 6 contains basic knowledge about invariant volume forms on linear algebraic 
groups. Of further importance will be Corollary 16 . 8 1 ab out the Mostow decomposition of 
a linear algebraic group as the product of Levi reductive subgroup and it's unipotent 
radical. We end it with an important example of a refined volume fibration - the 
quotient map of a reductive group by its Levi semi-simple subgroup (see Lemma [6. 111) . 

Section 7 prepares the proof of Theorem [2] in the case of a semi-simple group. The 
central notion discussed in that section is a p-compatible vector field a' G Lie'^^^{W) for 
a locally trivial fibration p : W ^ X. Its most important property is that Span Ker a' ■ 
KerS' coincides with the algebra C[W] of regular functions for any 6' G VF^[g(iy) 
tangent to the fibers of p. It is established that for any at least three-dimensional 
semi-simple group G and its SL2- or P5'L2-subgroup S corresponding to the root of 
the Dynkin diagram the fibration q : G ^ G/S admits a sufficiently large family 
g-compatible vector fields. The existence of such a family is an assumption in the 
definition of a refined fibration which (in combination with the fact that SL2 and 
PSL2 are fine and have the algebraic volume density property) leads to the claim that 
q is refined. This enables us to use properties of refined fibrations established earlier 
in Proposition 15.161 (but not Theorem H] since it is unknown whether G/S has the 
algebraic volume density property). 
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Section 8 contains the proof of Theorem [2l The general case follows easily from 
a semi-simple one (via Lemma 16.111 Theorem HJ and Corollary 16. 8p . The idea of 
the proof in the latter case is the following. We consider SL2- or PS'L2-subgroups 
S'o, . . . , S'm corresponding to the simple roots of a Dynkin diagram of a semi-simple 
group G and fibrations Pi : G ^ G/Si with i = 0, . . . ,m. Using results of Section 
7 we establish that there is a sufficiently big collection of completely integrable 
fields 9 of zero divergence that are of pj-compatible for every i. Furthermore up to an 
element of Lie^^ig(G') every algebraic vector field of zero divergence can be presented 
as a finite sum Yl^i^i where 6i E Q and hi G C[G]. Then we consider a standard 
averaging operator avj on C[G] that assigns to each h e C[G] a regular function 
SiVj{h) invariant with respect to the natural S'^-action on G and establish the following 
relation: Yl^i^i ^ Lie^ig(G') if and only if J2 ^ Lie^ig(G'). We show also that 

a consequent application of operators avo, . . . ,avm leads to a function invariant with 
respect to each Sj, j = 0, . . . ,m. Since the only functions invariant under the natural 
actions of all such subgroups are constants we see that ^ hi9i G Lie^ig(G) because 
^ Ci9i G Lie^ig(G) for constant coefficients q which concludes the proof of Theorem [2l 

The appendix contains definition of strictly semi-compatible fields and refinements 
of two Lemmas about it from our previous work [12j. 

Acknowledgments. We would like to thank A. DvoRSKY for helpful consultations. 



Recall that a holomorphic vector field V G VF/jo;(C") is completely (or globally) 
integrable if for any initial value 2; G C" there is a global holomorphic solution of the 
ordinary differential equation 



In this case the phase flow (i.e. the map C x C" ^ C" given by {t,z) 1— >■ 7^(t)) is 
a holomorphic action of the additive group C+ on C", where index z in 7^ denotes 
the dependence on the initial value. It is worth mentioning that this action is not 
necessarily algebraic in the case of an algebraic vector fleld V G VFaig(C"). 

A holomorphic (resp. algebraic) volume form on a complex (resp. affine algebraic) 
manifold X of dimension n is a nowhere vanishing holomorphic (resp. algebraic) n- 
form. Let us discuss some simple properties of the divergence div^(z/) of a vector field 
u on X with respect to this volume form u. The divergence is defined by the equation 

(2) div^(z/)u; = L^{uj) 

where L,y is the Lie derivative. Furthermore, for any vector fields z/i, z/2 on X we have 
the following relation between divergence and Lie bracket 



2. Preliminaries 



(1) 



7(t) = \/(7(t)), 7(0) = z. 



(3) 



) div^([z/i, z/2]) = L^^{div^{u2)) - L^^{div^{ui)). 

In particular, when div^(z/i) = we have 



(4) 



div^([z/i, z/2]) = L,,^(div^(z/2)). 
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Another useful formula is 

(5) div^(/z/) = /div^(z/) + z/(/) 

for any holomorphic function / on X. 

2.1. Lemma. Let Y he a Stein complex manifold with a volume form on it, and X he 
a suhmanifold of Y which is a strict complete intersection ( that is, the defining ideal of 
X is generated hy holomorphic functions Pi, . . . ,Pk onY, where k is the codimension 
of X in Y). Suppose that u is a vector field on X and fi is its extension to Y such that 
^{Pi) = for every i = 1, . . . ,k. Then 

(i) there exists a volume form u on X such that Q\x = dPi A ... A dP^ A uj; and 
ill) div^(z/) = divn(/i)|x. 

Proof. Let local holomorphic coordinate system in a neighborhood of a 

point in X. Then Pi, ... , P^, local holomorphic coordinate system in a 

neighborhood of this point in Y. Hence in that neighborhood Q = hdPi A ... A dP^ A 
dxi A ... A dxn where h is a. holomorphic function. Set u) = h\xdxi A ... A dxn- This is 
the desired volume form in (i). 

Recall that L,y = d o -\- o d where ti, is the inner product with respect to u ([15], 
Chapter 1, Proposition 3.10). Since /u(Pj) = we have L^{dPi) = 0. Hence by formula 
([2]) we have divfi{fi)Q\x = 

L^Q\x = L^{dPiA...AdPkAuj)\x = dPiA...AdPk\xAUuj + L^{dPi A ... A dPk) U A w 
= div^(z/)(dPi A . . . A dPfc)U A = dw^{u)n\x 

which is (ii). 

□ 

2.2. Remark. 

(1) Lemma [2.11 remains valid in the algebraic category 

(2) Furthermore, it enables us to compute the divergence of a vector field on X via 
the divergence of a vector field extension on an ambient space. It is worth mentioning 
that there is another simple way to compute divergence on X which leads to the same 
formulas in Lemma 1231 below. Namely, X that we are going to consider will be an affine 
modification a : X ^ Z of another affine algebraic manifold Z with a volume form 
ujq (for definitions of affine and pseudo-affine modifications see [H] ). In particular, 
for some divisors D G Z and E (Z X the restriction of a produces an isomorphism 
X\E —>■ Z\D. One can suppose that D coincides with the zero locus of a regular (or 
holomorphic) function a on Z. In the situation, we are going to study, the function 
a = a o a has simple zeros on E. Consider the form cr*ci;o on X. It may vanish on 
E only. Dividing this form by some power we get a volume form on X. In order 
to compute divergence of a vector field on X it suffices to find this divergence on the 
Zariski open subset X \ E c::^ Y \ D, i.e. we need to compute the divergence of a vector 
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field u on Y \ D with respect to a volume form f3uo wliere (3 = a Tlie following 
formula relates it with the divergence with respect to uq: 



In the cases, we need to consider, j3 will be often in the kernel of z/, i.e. div^^j,(i/) = 
div^Q(i/) in these cases. 

(3) If the normal bundle of X C C" is trivial we may choose u as the restriction of 
the standard volume form on C" by Lemma [2. 1[ Indeed, taking n sufficiently large we 
can always assume that X is a complete intersection in C" (see for example |17j). 

The condition in Lemma [2]T] that an algebraic field u on X has an extension fionY 
with fi{Pi) = is also very mild. We consider it in the case of hypersurfaces only. 

2.3. Lemma. Let X be a smooth hypersurface in a complex Stein (resp. affine alge- 
braic) manifold Y given by zero of a reduced holomorphic (resp. algebraic) function 
P on Y . Then every holomorphic (resp. algebraic) vector field v on X has a similar 
extension to Y such that fi{P) = 0. 

Proof. Consider, for instance the algebraic case, i.e. P belongs to the ring C[Y] of 
regular functions on Y. Since fi must be tangent to X we see that /i(-P) vanishes on 
X, i.e. fi{P) = PQ where Q G C[Y]. Any other algebraic extension of u is of form 
T = fi — P9 where 9 G VFaig(F). Thus if 9{P) = Q then we are done. 

In order to show that such 9 can be found consider the set M = {9{P)\9 G VFaig(F)}. 
One can see that M is an ideal of C[Y]. Therefore, it generates a coherent sheaf 
over Y. The restriction Q\y\x is a section of J^\y\x because Q = fi{P)/P. Since X is 
smooth for every point x & X there are a Zariski open neighborhood U in Y and an 
algebraic vector field d such that d{P) does not vanish on U. Hence Q\u is a section 
of J-'\u- Since is coherent this implies that Q is a global section of JF and, therefore, 
Q & M which is the desired conclusion. □ 

2.4. Terminology and Notation. In the rest of this section X is a closed affine 
algebraic submanifold of C", u is an algebraic volume form on X, p is a regular function 
on X such that the divisor p*{0) is smooth reduced, X' is the hypersurface in y = 

^ X X given by the equation P := uv—p = 00 Note that X' is smooth and, therefore, 
Lemma 12.31 is applicable. We shall often use the fact that every regular function / on 
X' can be presented uniquely as the restriction of a regular function on Y of the form 



(6) 



div/3^(,(z/) = div^oi^) + Lu{P)/P- 



m 



(7) 




1=1 



By abusing notation we treat p in this formula as a function on Y , and, if necessary, we treat it 
as a function on X' . Furthermore, by abusing notation, for any regular function on X we denote its 
lift-up to Y or X' by the same symbol. 
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where = 7r*(a°),6j = 7r*(6°) are lift-ups of regular functions a°,6° on X via the 
natural projection vr : F ^ X (as we mentioned by abusing terminology we shall say 
that and hi themselves are regular functions on X). 

Let Q = du Adv A uj, i.e. it is a volume form on Y. By Lemma [2.11 there is a volume 
form uj' on X' such that Q\x' = dP A uj'. Furthermore, for any vector field fj, such that 
n{P) = and u' = fi\x' we have div^'(z/') = divn(/i)|x. Note also that any vector field 
i> on X generates a vector field k onY that annihilates u and v. We shall always denote 
k\x' by i). It is useful to note for further computations that uV*(div^j(t/)) = divQ 
for every i > 0. Note also that every algebraic vector field A on X' can be written 
uniquely in the form 

m 

(8) X = h + + v'fi^) + fod/du + god/dv 

i=l 

where fio, fil are algebraic vector fields on X, and fo,go are regular functions on X'. 

For any algebraic manifold Z with a volume form u we denote by Lieaig(2') (resp. 
Lie^jg(Z)) the Lie algebra generated by algebraic globally integrable vector fields on Z 
(resp. that annihilates u) and by VFaig(2') we denote the Lie algebra of all algebraic 
vector fields on Z. We have a linear map 

P^: VFaig(X')^VFaig(X) 

defined by Pr(A) = /iq where A and fiQ are from formula ([8]). As it was mentioned in 
jl3] the following facts are straightforward calculations that follow easily from Lemma 

EH 

2.5. Lemma. Let i^i,z/2 be vector fields on X, and f be a regular function on X. For 
i > consider the algebraic vector fields 

u[ = M*+^i>i + u'ui{p)d/dv, z/2 = t;*+^z>2 + v'u2{p)d/du 

and Hf = f{ud/du — vd/dv) on Y . Then 

(i) v[ and /i/ are tangent to X' (actually they are tangent to fibers of P = uv—p{x) ), 
i.e., they can be viewed as vector fields on X' ; 

(ii) fif is always globally integrable on X' , and v[ is globally integrable on X' if Ui is 
globally integrable on X ; 

(iii) div<^/(/i/) = 0, dw^'{u[) = n*+Miv<^(z/i), dw^>{u2) = v'+^dw^{u2), and 

div uj'{[fJ'f,i^[] = ii + l)M*"^Vdiv<^(z/i), div<^/([z/2, /i/] = {i + l)v'^^ f div^{u2); 

(iv) we have the following Lie brackets 

[/i^, u[] = (z + ly+^fh + aid/du + (3id/dv, 

[v'^,^lf] = {i + iy+^fv2 + a2d/du + (32d/dv, 
where ai and (3i are some regular functions on X' ; 

(v) more precisely, if i = in formulas for v[ and v'^ then 

^'^ = fu^\ - u'^^iU')9/du + ui{fp)d/dv, 
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/^/] = fvi^2 - v^U2{f)d/dv + U2{fp)d/du] 

and 

(9) Pr([[/^/, J^'i], ^2]) = ^iUp)^2 - J^2{fp)j^i + fpWi, 1^2]- 

3. The proof of Theorem [B 

3.1. Additional Notation. For every affine algebraic manifold Z let C[Z] be the 
algebra of its regular functions, IVFaig(2') be the set of completely integrable algebraic 
vector fields on Z. If there is a volume form u on Z then we denote by Div^ : 
VFaig(^) — >■ C[Z] the map that assigns to each vector field its divergence with respect 
to a;, and set IVF^ijZ) = Ker Div^ n IVFaig(Z), VF^ig(Z) = Ker Div^ n VFaig(Z). 
For a closed submanifold C of Z denote by VF^ig(Z, C) the Lie algebra of vector fields 
of zero divergence on Z that are tangent to C. Formula (171) yields a monomorphism 
of vector spaces l : C[X'] ^ C[Y] and the natural embedding X ^ X x (0,0) c Y 
generates a projection Pr : C[y] ^ C[X]. Note that Pr(i(/)) = in the notation of 
formula ([7]). 

3.2. Lemma. Let X be a vector field on X' C X x C^^ given by formula Suppose 
that ljq is a volume form on X and a volume form uj on X' coincides with the pull-back 
of the volume form uJi := {ujq A du)/u on Z := X x Cu under the natural projection 
(i.e. UJ constructed as in Remark YI?2\) . Then Pr(div^(A)) = div^(,(/xo)- In particular, 
if div^ A = then div^Q(yUo) = 0. 

Proof. The natural projection o" : X' ^ Z is an affine modification whose restriction 
over X X C* is an isomorphism. Hence A is the pull-back of the following vector field 

m 
i=l 

on Z. Thus it suffices to show that div^(,(/io) = To(div^j(K)) where Tq : C(X)['u, u^^] — >• 
C(X) assigns to each Laurent polynomial in u its constant term. By ([6]) divt^j(/t) = 
div^oAd«('t) - = div<^oAd«(/«) - fo/u. Hence 

ro(div^^(fi;)) = div<^o(/io) + To{dfo/du) - To(/o/m). 

The desired conclusion follows now from the obvious fact that To{dfo/du) = To(/o/n). 

□ 

3.3. Proposition. Let C be the smooth zero locus of p in X. Suppose also that the 
following conditions hold: 

(Al) the linear space VF^^ig(X, C) is generated by vector fields that are of the form 

Pr([[/ij, z/(], z/2]) where and v[ are as in formula (EP from Lemma 12.51 with Vi G 

iVF^igl^); 

(A2) VFaig(X) is generated by IVF^ig(X) as a module over C[X]. 



10 



SHULIM KALIMAN AND FRANK KUTZSCHEBAUCH 



Then Lie^ig(X') coincides with VF^ig(X'), i.e., X' has the algebraic volume density 
property. 

Proof. Let A, /o, and go be as in formula (IE]) and A = 6(A) be the extension of A to y 
also given by formula (IHl). By formula fo and go can be written uniquely in the 
form 

m m 

fo = ^(ajM* + biV^) + ao and go = ^(oiM* + 6jf*) + clq 
1=1 1=1 

where G C[X]. 

Since A is a vector field tangent to X' = P^^(O) we have A{P)\x' = 0. Thus 
= Pt{l{A{P)\x')) = p{ai + bi) — jioip) (recall that P = uv — p{x)). Hence yUo(p) 
vanishes on C, i.e. by Lemma 13^ /in G VF^ig(X, C). Let yU/jt'j' G IVF^ig(X') be as in 
Lemma [2. 5[ Condition (Al) implies that adding elements of the form [[fJ^f, z^J], 1^2] to A 
we can suppose that fio = 0. Using condition (A2) and Lemma 12.51 (iv) we can make 
/i^ = by adding fields of the form [/i/, u^] with z/j G IVF^ig(X). Note that this addition 
leaves not only /iq equal to but also div^/(A) equal to 0, since div^/([/x/, z/-]) = as 
soon as div^(z/i) = 0. Hence A = fd/du + gd/dv and A(P)|x' = fv + gu = 

Using formula ([7]) one can see that / must be divisible by m, and g hy v. That 
is, there exists a regular function h on X' for which f = uh and g = —vh. Hence 
A = h{ud/du — vd/dv). Note that A(P) = now. Thus by Lemma [2TT] 

1 / ^ N 1 /AM , dh dh 
= div<^/(A) = divn(A)|x' = (m^ - v—)\x'- 

Taking h as in formula ([7]) we see that h is independent of u and v. Thus A is integrable 
and of zero divergence by Lemma [2.51 (ii)-(iii). 

□ 

Taking commutative vector fields z/i and 1^2 from IVF^^ig(X) in formula iQ we have 
the following. 

3.4. Lemma. Condition (Al) in Proposition 13.31 holds z/VF^ig(X, C) is generated as 
a linear space by vector fields of the form Ui{fp)u2 — i^2ifp)^i where the vector fields 
z/i,z/2 G IVF^jg(X) are commutative. 

It is more convenient for us to reformulate this new condition in terms of differential 
forms for which we need some extra facts. Let L,y be the inner product with a vector 
field u on X. Recall the following relations between the outer differentiation d, the Lie 
derivative Li, and Li, 

(10) = do + od and [L^^,l^,2 = Ly^^^y^]. 

Set ojy = Lu{ijj). Then by formula ([2]) we have 

div^(z/)a; = d o Li,{ijj) + o d{uj) = d(uJiy). 
Thus we have the first statement of the following. 
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3.5. Lemma. 

(1) A vector field v is of zero divergence if and only if the form u^, is closed. 

(2) Furthermore, for a zero divergence field v and every regular function f on X we 
have d^ujfiy) = u{f)uj. 

(3) Let h'i,U2 G IVF!^ig(X) be commutative and k = i'i{fp)i'2 — ^2(/p)^i- Then 
d{Lui o Lu^{fpu})) = L^{uj) where p, f e C[X]. 

Proof Indeed, by ^ 

d{ujfu) = Lf^{uj) - Lfud{uj) = Lfy{uj) = div^(/z/)u; = (/div^(z/) + z/(/))c^ = u{f)uj 

which is (2). 

Again by ffTOl) we have 

doi^^o L„.,{fpuj) = Ly^ o i^^ifpuj) - o d o i^^ifpu). 

Then 

Lu^ O ivAfP^) = LuAfp)Ly^{uj) + fpLy^ O L^.^{uj) 

and 

Lu^ o i^^iu) = L^^Ly^iu) + = 

since [z/i, z/2] = and L^.{uj) = 0. Similarly 

L,,,odoL^^{fpUj)) = L^^{fp)L^^{uj) + fpL^,oL^^{uj)-L^,OL^^od{fpUj)) = L^^{f p)Ly^{uj) . 

Therefore, 

doL^^O L^^ifpUj) = L^^{fp)L^^{u) - L^^{fp)L^^{uj) = Vi{fp)L^^{uj) - U2{fp)'^uA^) 

which yields the desired conclusion. 

□ 

Suppose that Qfl{X) is the sheaf of algebraic g-forms on X, VL'1{X) is its subsheaf 
that consists of forms that vanish on C with multiplicity at least i for i > 1, and vanish 
on all elements A"~^TC C K^~^TX for i = where A'^TX is the g-h wedge-power of 
TX, i.e. the set of g-dimensional subspaces of the tangent bundle. For every sheaf 
on X denote by r°(X, JF) the space of global sections. That is, r°(X, is the 

subset of rO(X, fi"-2(X)), that consists of forms divisible by p, and T%X, ni~\X)) is 
the set of algebraic {n — l)-forms on X whose restriction to the zero fiber C oip yields 
a trivial form on C. 

As a consequence Lemma [3.51 we have the following fact. 

3.6. Lemma. Let k{ = ^{{fp)^^ — i^lifp)^! ^'^'^ ^^'^ following condition hold: 

(B ) there exists a collection {vIiVq}!^! of pairs of commutative vector fields from 
IVF^jg(X) such that the set {tj,i o tj^i^u)}"^^ generates the space of algebraic [n — 2)- 
forms r°(X,fi"-2(^)) as C[X]-module. 

Then the image ofT^{X, under the outer differentiation d : r°(X, Q^'-^iX)) 

r°(X, fi'^~^(X)) is generated as a vector space by (n — l)-forms {/.^/(cj)}"^]^, / G C[X]. 
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3.7. Application of Grothendieck's theorem. Let fig (^)) be the sub- 
space of closed algebraic (n — l)-forms in r'^(X, ^q^^). Clearly, for every algebraic 
vector field v G IVFj^(X) tangent to C we have ujy G fiQ~^(X)). Our aim now 
is to show that under mild assumption the homomorphism 

d : v''{x,^\-''{x)) z°(x,^];J-l(x)) 

is surjective and, therefore, condition (Al) from Proposition 13.31 follows from condition 
(B) from Lemma ESI Denote by J-'- (resp. J-'i) the space of algebraic sections of 
(resp. fi*) over X. Note that the outer differentiation d makes 

:=...—> JT^ JT^^^ . . . and :=...—> J^i+i — > . . . 

complexes, and that the surjectivity we need for condition (B) would follow from 
if"-^(J^'(*)) = 0. 

3.8. Proposition. Let H'^~^{X,C) = and let the homomorphism if"~^(A, C) — >• 
if"~^(C, C) generated by the natural embedding C ^ X be surjective. Then H"'~^ [J^' {*)) 
= 0. 

Proof. Consider the following short exact sequence of complexes ^'{*) ^{*) ~^ 
J-'"{*) where JF/' = TilT[ in complex This implies the following long exact 

sequence in cohomology 

i.e. we need to show (i) that the homomorphism if"~^(jF(*)) — > iJ"^^(jF"(*)) is sur- 
jective and (ii) that = 0. By the Grothendieck theorem [9] De Rham 
cohomology on smooth affine algebraic varieties can be computed via the complex of 
algebraic differential forms, i.e. H^~^{J^{*)) = /7"~^(A, C) which implies (ii). Simi- 
larly, = i7"-2(X,C). Note that J^f = J^i/ {p'^-^-'Ti) for z < n - 2. In 
particular, modulo the space S of (the restrictions to C of) algebraic {n — 2)-form that 
vanish on A"-~'^TC the term J-'n-2 coincides with the space T of algebraic {n — 2)-forms 
on C (more precisely, we have the following exact sequence ^ S ^ ^ ^ 0). 
One can see that each closed r G iS is of form dpAro where tq is a closed (n — 3)-form on 
C . Hence r = d(pro) (where pro can be viewed as an element of = J-'ns/ip'^^n-s)) 
is an exact form. Thus the (n — 2)-cohomology of complex J^"{*) coincides with the 
{n — 2)-cohomology of the algebraic De Rham complex on C and, therefore, is equal 
to i7"~^(C, C) by the Grothendieck theorem. Now homomorphism from (i) becomes 
if"~^(A, C) — s> if"~^(C, C) which implies the desired conclusion. 

□ 

Thus we have Theorem [T] from Introduction as a consequence of the following more 
general fact (which gives, in particular, an affirmative answer to an open question 
of Varolin ([22], section 7) who asked whether the hypersurface {(a,6, c, d) G : 
a?c — fee? = 1} in has the volume density property). 

Theorem 3. Let X be an n-dimensional smooth affine algebraic variety with H"'{X, C) = 
and a volume form uj satisfying conditions 
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(B ) there exists a collection {vliVl}!^! of pairs of commutative vector fields from 
IVF^ig(X) such that the set {t^i o Lj^x^uj)}^^ generates the space of algebraic {n — 2)- 
/orms r°(X,fi"-2(^)) as C[X]-module; 

(A2) VFaig(X) zs generated by IVF^ig(X) as a module over C[X]@ 
Suppose also thatp is a regular function on X with a smooth reduced zero fiber C such 
that the homomorphism if"~^(X, C) if"'~^(C, C) generated by the natural embedding 
C ^ X is surjective. Let X' G X x Cf^^ be the hypersurface given by uv = p and let 
uj' be thepullback of the form u A du/u on Z = X x Cu under the natural projection 
X' ZU- Then X' has the algeb raic u' -density property. 

3.9. Algebraic volume density for SLiiC) and PSL2(C). Since X' = 5L2(C) is 
isomorphic to the hypersurface uv = X1X2 + 1 =: p{x) in y = C| „ ^ = X x ^ with 
X = {xi,X2) and X = C?, Theorem [1] implies that SL2{C) has the algebraic volume 
density property with respect to the volume form u' on X' such that u' A dP = Q 
where P = uv — p{x) and VL = dxi A dx2 A dw A df is the standard volume form on 
C'^. On the other hand by Remark 12.21 (1) we can consider forms {dxi A dx2 A du)/u, 
(dxi Adx2 Adf )/f , etc.. Each of these forms coincides with u' up to a sign because their 
wedge-products with dP are ±fl. Note that (dxi Adx2 AdM)/M is invariant with respect 
to the C+-action on 5'L2(C) given by (xi, X2, u, v) {xi,X2 + txi,u, v + tw), t G C+ 
which is generated by multiplications of a C+-subgroup of SL2{C). Thus u' is invariant 
with respect to such multiplications. Similarly, consideration of {dxi A d2;2 A dv)/v 
yields invariance with respect to the C+-action (xi, 0:2, u, v) — ^ (xi + tx2, X2, u + tv, f ), 
etc.. This implies that uj' is invariant with respect to multiplication by any element 
of 5*172 (C) and we proved the following result, which is originally due to Varolin ([22]. 
Theorem 2). 

3.10. Proposition. Group SL2{'C) has the algebraic volume density property with re- 
spect to the invariant volume form. 

Furthermore, since the commutative vector fields ui = d/dxi and 1^2 = d/dx2 on 
X = C| satisfy condition (B) of Lemma [3.61 we see that any vector field fio tangent to 
the zero fiber C of p is of form z/i(/p)z/2 — z^2(/p)^i where / is a polynomial on X. This 
fact will used in the next unpleasant computation which is similar to the argument in 
Proposition 13.31 

3.11. Proposition. Group PSL2{C) has the algebraic volume density property with 
respect to the invariant volume form. 

Proof. Consider now X" = X'/Z2 ~ PSL2{'C) where the Z2-action on X' given by 
{u,v,x) — *• {—u,—v,—x). Note that C[X"] can be viewed as the subring of C[X'] 
generated by monomials of even degrees. Hence completely integrable vector fields of 
form 

iy[ = u'^^d/dxk + u'^d/dv and z/^ = v'+^d/dxj + v'^d/du 



' Clearly, the standard volume form on C" satisfies both these conditions. 
'One can check that lo' A dP = lu A du A dv\x' where P = uv — p. 
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(resp. v'l = u^~^^Xjd/dxk + u^Xj- — d/dv and u!^ = v^~^^Xkd/dxj + v'^XkT. — d/du) 

on X' with even (resp. odd) i can viewed as fields on X". The same is true for fif from 
Lemma 12.51 provided / is a linear combination of monomials of even degrees. Fields 
z/J, 1^2, IJ-f are of zero divergence. If j k the same holds for and z/g . Any algebraic 
vector field A on X" can be viewed as a vector field on X' and, therefore, it is given by 
formula ([8]). Since this field on X' came from X" each /if (resp. jlo) in that formula 
consists of summands of form q{x)d/dxk where polynomial u^q{x) (resp. v^q{x)) is a 
linear combination of monomials of odd degrees. Our plan is to simplify the form of a 
zero divergence field A on X" by adding elements of the Lie algebra generated by fields 
like Hf,u[,u'2,iy1,u!{. 

Recall that /to is generated by a field /iq on X and it was shown in the proof of 
Proposition 13. 3l that /iq is tangent to C. Hence, as we mentioned before /io = i^i{fp)i^2 — 
z/2(/p)z/i. Furthermore, if A comes from a field on X" polynomial / G C[a;i,a;2] must 
contain monomials of even degrees only. Thus by virtue of Lemma 12.51 (v) adding to 
A vector fields of form [[/i/, z/[], z/g] we can suppose that fiQ = without changing the 
divergence of A. 

Following the pattern of the proof of Proposition 13.31 let us add to A the zero di- 
vergence fields of form [/i/,z^;] and [/i/,z^"]. Since we have to require that j 7^ fc in 
the definition of i>'( and u!^ we cannot eliminate summands u^~^^p,}j^i and v^~^^p,fj^i com- 
pletely. However, Lemma 1231 (iv) shows that after such addition one can suppose that 
vanishes for even i, and for odd i it is a linear combination of terms of form 
ii^+^x^d/dxk where m is odd (and similarly for f^+^/if^^^). 

Consider the semi-simple vector field u = xid/dxi — X2d/dx2 on X. Then u' = 
_j_ u'^p[j)^d I du is a completely integrable zero divergence vector field on X' and 
for odd « it can be viewed clS 3j field on X". Set f = x'^'K By Lemma [23] (iv) 

[^^^ u'] = {i + l)u'+^x'^~^i> + ad/du + pd/dv. 

Thus adding a multiple of [/i/, u'] to A we can replace terms u'^^x'^d / dxi in u^^^jllj^i 
by u^^^x^~^X2d / 8x2- If m > 2 the latter can be taken care of by adding fields of form 
[/ij, v'l]. If m = 1 we cannot eliminate immediately terms like u^Xid/dxi or m*X2 9/(9x2, 
but adding fields of form cu^i) where c is a constant we can suppose that only one 
of these terms is present. The same is true for similar terms with u replaced by v. 
Thus adding elements from Lie'^(X") we can reduce A to a zero divergence field of the 
following form 

A = ^(cjM*xi9/(9xi + div"^ X2d / 8x2) + gid/du + g2d/dv 

i>l 

where constants Cj and di may be different from zero only for even indices i and by 
formula ^ Qk = ^i>i('2f (3S)m* + &f (a;)f*) + a^^x) with and 6f being polynomials 
on X. Since divergence div^^ A = we immediately have a\^i = —Ci/{i + 1) and 
bfj^i = —di/{i + 1), i.e. these polynomials are constants. 



ALGEBRAIC VOLUME DENSITY PROPERTY OF AFFINE ALGEBRAIC MANIFOLDS 15 



Consider now an automorphism of X" (and, therefore, of X') given by (m, f , Xi, X2) — >■ 
(— Xi, X2, — M, f ), i.e. it exchanges the role of pairs iu^v) and (xi,X2). It transforms A 
into a field 

+ hl^^xf^d/dx2) + Ao 

i>l 

where Aq does not contain nonzero summands of form axid/dxi (resp. hx2d/dx2) with 
a (resp. h) being a regular function on X" non-divisible by X2 (resp. xi). Hence adding 
fields of form [[/ij, z/(], z/g], [/i/,z/^], and [l^f.^l] as before we can suppose that jiQ and 
each jl\ and jlf are equal to zero, i.e. A = ed/du + gd/dv. Furthermore, arguing as in 
Proposition 13.31 we see A = h{ud/du — vd/dv) where h is a polynomial on X, i.e. A is 
completely integrable. Since by construction it is a vector field on X", we have proved 
that X" possesses the algebraic volume density property. 

□ 

4. Two BASIC FACTS ABOUT THE ALGEBRAIC VOLUME DENSITY PROPERTY 

By considering differential forms and vector fields in local coordinate systems one 
can see that the map u ^ := Lu{uj) is bijective and, therefore, establishes a duality 
between algebraic (resp. holomorphic) vector fields and the similar (n — l)-forms on 
X. This duality in combination with the Grothendieck theorem [9] enables us to prove 
another important fact. 

4.1. Proposition. For an affine algebraic manifold X equipped with an algebraic vol- 
ume form uj the algebraic volume density property implies the volume density property 
(in the holomorphic sense). 

Proof. We need to show that any holomorphic vector field ^ such that ^{oj) = can 
be approximated by an algebraic vector field u with //(cu) = 0. Since the form is 
closed, by the Grothendieck theorem one can find a closed algebraic (n — l)-form Tn~.i 
such that — r„_i is exact, i.e. u;^ — r„_i = dr„_2 for some holomorphic (n — 2)-form 
Tn-2- Then we can approximate r„_2 by an algebraic (n — 2)-form t^_2- Hence the 
closed algebraic (n — l)-form r„_i + dr^_2 yields an approximation of /x. By duality 
Tn-i + dr^_2 is of form djj, for some algebraic vector field u (approximating and by 
Lemma [3.51 (1) z/ is of zero w-divergence which is the desired conclusion. 

□ 

4.2. Lemma. If X has the algebraic volume density property, then there exist finitely 
many algebraic vector fields di, . . . , 0"^ G Lie^^g(X) that generate VFaig(X) as a C[X]- 
module. 

Proof. Let n = dimX. We start with the following. 

Claim. The space of algebraic fields of zero divergence generates the tangent space 
of X at each point. 

Let X G X and U he a. Runge neighborhood of x such that if"^^([/, C) = (for 
example take a small sublevel set of a strictly plurisubharmonic exhaustion function 
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on X with minimum at x). Shrinking U we can assume that in some holomorphic 
coordinate system zi, . . . , on U the form u!\u is the standard volume dzi A ... A dz„. 
Thus the holomorphic vector fields d/dzi on U are of zero divergence and they span 
the tangent space at x. We need to approximate them by global algebraic fields of 
zero divergence on X which would yield our claim. For that let u G VF^^i{U). The 
inner product L,y{uj) =: a is by Lemma 13.51 (1) a closed {n — l)-form on U and since 
H^~^{U, C) = we can find an (n — 2)-form (3 on U with d/3 = a. Since U is Runge 
in X we can also approximate /5 by a global algebraic (n — 2)-form /3 (uniformly on 
compacts in U). Then the closed algebraic {n — l)-form d/3 approximates a and the 
unique algebraic vector field 9 defined by lo^uj) = d/? approximates u. Since d/3 is 
closed, the field 6 is of zero divergence which concludes the proof of the Claim. 

Now it follows from the Claim and the algebraic volume density property that there 
are n vector fields in Lie^;g(X) which span the tangent space at a given point x & X. 
By standard induction on the dimension, adding more fields to span the tangent spaces 
at points where it was not spanned yet, we get the assertion of the lemma. 

□ 

4.3. Remark. The similar fact holds for the (holomorphic) density property, because 
the same argument implies the holomorphic version of the Claim. In fact, we can say 
more: completely integrable holomorphic fields of zero divergence on a Stein manifold 
X with the density property generate the tangent space at each point. Indeed, since 
by the Claim such a tangent space is generated by elements of Liehoi(-^) it suffices to 
show that every Lie bracket [ly, /j] of completely holomorphic integrable vector fields 
of zero divergence can be approximated by a linear combination of such fields which 
follows immediately from the equality [u, jj] = limf^o where (pt is the phase fiow 
generated by fi. The reason why we cannot make this stronger version of the Claim 
in the algebraic category is that for an algebraic vector field n the phase fiow (pt may 
be only holomorphic. Another interesting fact is that a set of completely integrable 
holomorphic zero divergence vector fields which is needed for generation of tangent 
spaces at each point of X can be chosen finite. 

Let us suppose that X and Y are affine algebraic manifolds equipped with volume 
forms ujx and uy respectively. 

4.4. Proposition. Suppose that X (resp. Y) has the algebraic ux (resp. ujy) volume 
density property. Let oj = uix x ojy- Then X x Y has the algebraic volume density 
property relative to u. 

Proof. By Lemma 14.21 we can suppose that cti, . . . , 0"^ G Lie^^^ (X) (resp. . . . , 5„ G 
hie^fgiY)) generate VFaig(X) as a C[X]-module (resp. VFaig(V) as a C[F]-module). 

Denote by Fy the vector subspace (over C) of C[y] generated by Im^i, . . . ,Im5„. 
Then C[F] = Fy ® V where V is another subspace whose basis is fi,f2,.... Set 
Fy = C[X] (g) Fy and V = C[X] V, i.e. the algebra of regular functions on X x F 
is A = C[X] ® C[Y] = F{.® v. Let U G C[X] and G C[Y]. Note that fi is in 
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the kernel of all globally integrable fields used in the Lie combination for 6i and thus 
fiSi G Lie^j^(F), analogously g^ai G Lie^;^(X). The fields Si and aj generate (vertical 
and horizontal) vector fields on X xY that are denoted by the same symbols. Consider 

[ftSi,9jCrj] = 6^{figj)aj - (rj{figj)6i. 

By construction 6i and aj are commutative and moreover Span/j ■ Qi = C[X x Y]. 
Hence the coefficient before aj runs over lm6i and, therefore, for any a[, . . . , a'^^ E Fy 
there are P[, . . . , P'^ E A such that the vector field 

j i 

belongs to Lie^ig(X x Y). Thus adding vector fields of this form to a given vector field 

j i 

from VF^ig(X x Y) we can suppose that each aj G V. Hence one can rewrite u in the 
following form 

z/ = ^ ^{hji ® vi)aj - piSi 

I j i 

where each hji G C[X]. Then one has 

= divz/ = ® VI -J2S^{|3^). 

I j i 

Since the first summand is in V and the last is in Fy we see that J2j (^ji^ji) = 0^ 
each vector field J^j^ji'^j belong to VF'^^^X) and by the assumption to Lie^;^(X). 
Hence it suffices to prove the following 

Claim. Consider the subspace B C VFt^ig(X x Y) that consists of vector fields of 
form 

1/ = ^ PiSi . 

i 

Then B is contained in Lie^;g(X x Y). 

Indeed, consider a closed embedding of Y into a Euclidean space. Then it generates 
filtration on <C\Y] by minimal degrees of extensions of regular functions to polynomials. 
In turn this generates filtrations B = [jBi and Lie^;^(X x y) = |jLj. Note that each 
Bi or Li is a finitely generated C[X]-module, i.e. they generate coherent sheaves on X. 
Furthermore, since Y has algebraic tuy-density property we see that the quotients of Bi 
and Li with respect to the maximal ideal corresponding to any point x G X coincide. 
Thus Bi = Li which implies the desired conclusion. 

□ 

Note that up to a constant factor the completely integrable vector field zd/dz on the 
group X = C* is the only field of zero divergence with respect to the invariant volume 
form uj — — , i. e., X has the algebraic volume density property. Hence we have the 
following (see also Corollary 4.5 in [20]). 
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4.5. Proposition. For every n > 1 the torus (C*)" has the algebraic volume density 
property with respect to the invariant form. 

5. Algebraic volume density for locally trivial fibrations 

5.1. Fine manifolds. If the subspace V ~ C[Y]/Fy in the proof of Proposition 14.41 
were trivial so would be the proof but in the general case V 0. We shall see later 
that Proposition 14.41 can be extended to some locally trivial fibrations with fiber Y for 
which, in particular, C[y]/Fy is at most one-dimensional. Thus we need the following. 

5.2. Definition. Let Y be an affine algebraic manifold with a volume form u and Fy 
be the subspace of C[Y] that consists of images of vector fields from Lie^;g(F). We say 
that y is a fine manifold if either C[Y] = Fy or C[Y] is naturally isomorphic to Fy ©C 
where the second summand denotes constant functions on Y. 

5.3. Lemma. Let Y be the smooth hypersurface in C"^^| given by P = uv + q{x) — 1 = 
where q{x) = X]r=i ^1 ('^■^- '^/^^r a coordinate change uv + q{x) can be replaced by any 
non- degenerate quadratic form). Suppose that Y is equipped with a volume uy such 
that dP /\uo = VL where Vt is the standard volume form on C" . Then 

(1) Y is a fine manifold; 

(2) is a fine manifold where the 7j2-action is given by {u,v,x) {—u, —v, — x). 

Proof. Consider the semi-simple vector field /i = ud/du — vd/dv on Y . It generates 
Z-grading of C[y] = Q)i,^z^i such that Ker/i = Aq and Im/x = ©igz,i^o^i C Fy. Note 
that Aq ^ C[xi, . . . ,Xn] since uv = 1 — q{x) ^ Aq. Assume for simplicity that n > 2 
and replace xi and X2 by u' = xi + \J —\x2 and v' = x\ — a/— 1x2 in our coordinate 
system. Consider the semi- simple vector field ^ = u'd/du' — v'd/dv' whose kernel is 
= C[m,u,X3, . . . ,x„]. Thus monomials containing u' and v' (or, equivalently, Xi or 
X2 in the original coordinate system) are in Im/x' C Fy. Repeating this procedure 
with other Xi and Xj instead of Xi and X2 we see that Fy contains every nonconstant 
monomial which is (1). 

For (2) note that C[y/Z2] is the subring of C\Y] generated by monomials of even 
degrees and that the semi-simple vector fields that we used preserve the standard 
degree function. That is, if a monomial Mi of even degree belongs, say, to Im then 
Ml = /i(M2) where M2 is also a monomial of even degree. This yields (2). 

□ 

Since SL2{C) is isomorphic to the hypersurface uv — X1X2 = 1 in C^^^^ we have 
the following. 

5.4. Corollary. Both SL2{C) and PSL2{C) are fine manifolds. 

5.5. Remark. In fact for Y equal to ^L2(C) or PSL2{C) we have C[Y]/Fy ~ C. More 
precisely, set F = Span{i/(/) : u e VF^ig(y), / G C[Y]}. Note that vector fields of 
form fi^ span all algebraic vector fields because of Claim in Lemma 14.21 (and Lemma 
15.91 below). Therefore, (n — l)-forms Ufi^ generate all algebraic (n — l)-forms on Y 
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where n = dimy. By Lemma [331 (2), d{ujf,y) = 'y{f)uj which imphes that the image of 
fl'^~^{Y) in Q'^{Y) under outer differentiation coincides with Fu. Since d{fl"'{Y)) = 
we have C[Y]/F ^ H"^{Y, C) by the Grothendieck theorem. By Proposition 4.1 in [H] 
for a smooth hypersurface Y C C""*"^ given by uv = p{x) we have H^{Y) = H^^2{C) 
where C is the zero fiber of p. Thus the universal coefficient formula implies that 
dimC[F]/F = rankif™~^(C, C). For S'L2(C) presented as such a hypersurface we 
have p{xi,X2) = X1X2 — 1, i.e. C is a hyperbola and H^{C,C) = C which yields the 
desired conclusion because F = Fy for manifolds with the algebraic volume density 
property. 

5.6. Notation. Further in this section X, Y, and W are smooth afiine algebraic varieties 
and p : W ^ X is a, locally trivial fibration with fiber Y in the etale topology. We 
suppose also that Y is equipped with a unique up to constant algebraic volume form 
ojy, and VFaig(PF,p) (resp. VF^^^(iy, p)) is the space of algebraic vector fields tangent 
to the fibers of p (resp. and such that the restriction to each fiber has zero divergence 
relative to ujy- ) Similarly Ijie^^ {W,p) will be the Lie algebra generated by completely 
integrable vector fields from YY'^lgiW^p). We denote the subspace of C[H^] generated 
by functions of form {Imz/|i/ G Lie'^^(VF,p)} by F{W,p). 

5.7. Definition. A family 5i, . . . , 5„, . . . G Lie^;^(y) will be called rich if (1) it generates 
Lie^;g(F) as a Lie algebra and (2) VFaig(y) as a C[y]-module. 

5.8. Remark, (i) Note that (1) implies the sets {(5j(C[y])} generate the vector space 

Fy. 

(ii) For (2) it suffices to require that the set of vector fields 5i, . . . , . . . generates 
the tangent space at each point of Y . This is a consequence of the next simple fact 
(e.g., see Exercise 5.8 in [TO]) which is essentially the Nakayama lemma. 

5.9. Lemma. Let A G B be a finitely generated ClXj-module and its suhmodule. Sup- 
pose that for every point x E X one has A/M^ = B/M^ where Mj, is the maximal ideal 
in C[X] associated with x. Then A = B 

5.10. Example. Let cti, (T2, . . . (resp. 61, S2, . . .) be a a rich family on X with respect 
to volume ujx (resp. on Y with respect to volume wy). Denote their natural lifts to 
X X y by the same symbols. Consider the set S of "horizontal" and "vertical" fields of 
form /(Tj and g6j where / (resp. g) is a lift of a function on Y (resp. X) to X x Y. It 
follows from the explicit construction in the proof of Proposition 14.41 that S generates 
the Lie algebra Lie(^(X x Y) for uj = uJx x cuy, i.e. it satisfies condition (1) of Definition 
15.71 Remark 15.81 (2) implies that condition (2) also holds and, therefore, iS is a rich 
family on X x F. 

In particular, consider a torus T = (C*)" with coordinates ^1, . . . , Zn- One can see 
that the vector field Vj = Zjd/dzj is a rich family on the j-th factor with respect 
to the invariant volume on C*. Thus fields of form fjUj {j = 1, . . . ,n) with fj being 
independent of zj generate a rich family on T with respect to the invariant volume. 
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5.11. Convention. Furthermore, we suppose that vector fields . . . , . . . form a 
rich family S in Lie^;^(F) and there are vector fields 6[, . . . ,61, . . . G 'VF'^igiW, p) such 
that up to nonzero constant factors the set of their restrictions to any fiber of p contains 
6i, . . . ,6n, ■ ■ ■ under some isomorphism between this fiber and 

5.12. Lemma. 

(1) A function g G C[W] is contained in F{W,p) if and only if its restriction to each 
general fiber ofp belongs to Fy. Furthermore, ifY is fine then C[W] ~ F(VF,p)©C[xJ§. 

(2) Suppose that Y has the algebraic volume density property. 
Then yF2g{W,p) = Lie"^(W,p). 

Proof. There exists a cover X = [J^Xi such that for each i one can find an etale 
surjective morphism X'^ —>■ Xi for which the variety Wl := Wi Xx^ X[ is naturally 
isomorphic to X[ x Y where Wi = p^^{Xi). Lifting functions on W to some Wl^ which 
is the direct product we can introduce filtration C[W] = Ui>o Claim 
in Proposition 14.41 (i.e. take a closed embedding Y C"* and consider the minimal 
degrees of extensions of function on VT/^ to X-^^ x C'" with respect to the second factor). 

Consider now the set S of functions g G C[W] such that for a general x E X the 
restriction g\p~-^(x) is in Fy- Since the degree (generated by the embedding Y ^ C™") 
of the restriction of g to each (not necessarily general) fiber p~^{xq) ~ F is bounded by 
the same constant we see that g\p~-^(xo) belongs to Fy (because the finite-dimensional 
subspace of Fy that consists its elements, whose degrees are bounded by this constant, 
is closed). Set Si = S H Gi and Fi = F{W,p) fl Gi. If suffices to show that Si = Fi 
for every i. Note that both Si and Fi are finitely generated C[X]-modules and because 
of the existence of fields 6[, . . . ,6'i, . . . in Convention 15.111 we see that for every x G X 
there is an equality Si/M^ = Fi/M^ where is the maximal ideal in C[X] associated 
with X. Hence the first statment of (1) follows from Lemma [5. 9 [ 

For the second statement of (1) note that Gi/M^ = {Fi © C[X])/Mx since Y is 
fine and C[X]/Mx = C. Thus another application of Lemma 15.91 implies the desired 
conclusion. 

The filtration of functions that we introduced, yields a filtrations of vector fields 
'^^aigi^^P) = U-^i Lie'^^ (W,p) = [J Li as where Bi and Li are again finitely 
generated C[X]-modules. Because S in Convention 15 . 1 II is rich and Y has the algebraic 
volume density property we have Bi/Mx = Li/M^. Thus by Lemma [5.91 ,5, = Li which 
yields (2). □ 

5.13. Definition. (1) Suppose that Convention 15. Ill holds, ux is a volume form on X, 
X = \jXi, X[, Wi, and Wl are as in the proof of Lemma : Wl ^ X[ x Y 
is the natural isomorphism and lo is an algebraic volume form on W such that up 
to a constant factor Lp*uj coincides with ((c^x x t^y)|xixy) for each i. Then we call 
p : W ^ X a volume fibration (with respect to the volume forms ujx, ojy, and uj). 



^If p :W ^ X IS a. Zariski locally trivial fibration this Convention is automatically true. 
^In fact for (1) one needs only that the sets {(5i(C[y])} generate the vector space Fy with 5i running 
over the family S from Convention 15.111 . 
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(2) We call a derivation a' G Lie'^(Vr) a lift of a derivation a G Lie'^'^(X) if for 
every w E W and x = p{w) one has p*(cr'(w)) = a{x). (Note that the Lie bracket of 
two lifts is a lift.) We say that a' is p-compatible if for any 6' G VF'^igiW, p) we have 
[a', 6'] G VF'^igiW, p) and the span Span (Ker a' ■ Ker 5') coincides with C[iy]. 

(3) We call a volume fibration p : W —>■ X refined if the fiber F is a fine manifold with 
algebraic volume density property, and a rich family of fields on X has p-compatible 
lifts. 

We shall see later (Lemma 16. lip that for a reductive group G and its Levi semi- 
simple subgroup L the natural morphism G ^ G/L can be viewed as a refined volume 
fibration with respect to appropriate volume forms. 

Since any algebraic vector field tangent to fiber of p : W —>■ X has zero cj-divergence 
if and only if its restriction on each fiber has zero cuy-divergence we have the following 
consequence of Lemma [5.121 (2). 

5.14. Corollary. Let p : W X be a volume fibration whose fiber has the alge- 
braic volume density property and VF'^igiW, p) (resp. hie"^ {W,p)) be the space of zero 
uj-divergence algebraic vector fields tangent to the fibers of p (resp. the Lie algebra 
generated by completely integrable algebraic vector fields tangent to the fibers of p and 
of zero oj -divergence). Then Y¥^ig{W^p) = Lie'^ (W,p). 

The next fact will not be used further but it is interesting by itself. 

5.15. Proposition. Let p : W ^ X be a refined volume fibration with a fine fiber Y 
and fine base X . Then W is fine. 

Proof. Indeed, the existence of lifts in Definition 15.131 of a rich family makes Fx and, 
therefore, F(W,p) © Fx a natural subspace of Fw- It remains to note that C[W] = 
F(W,p) © Fx © C by the assumption and by Lemma [5.121 

□ 

5.16. Proposition. Let p : W ^ X be a refined volume fibration and B be the set of 
p-compatible lifts of a rich family from Lie^^{X) . Consider the space L generated by 
Lie'^iWjp) and vector fields of form v := [fa', 6'] where a' G 6,5' G Lie'^(iy,p), and 
f G Kera'. Suppose that T = p*(TX) is the pull-back of the tangent bundle TX to W , 
Q : TW —>■ T is the natural projection, and C = g{L). Then 

(1) C is a C[X]-module; 

(2) C consists of all finite sums Xlo-'ee ^here h^i G F(W,p). 

Proof. The space Lie'^{W,p) is, of course, a C[X]-module. Thus it suffices to consider 
fields like u = [a', 6'] only. Since a' is a lift of a G Lie'^^(X) we see that a'{C[X]) C C[X] 
where we treat C[X] in this formula as a subring of C[Vr]. Then for every a G C[X] 
we have au = [a', a6'] — a'{a)S' which implies (1). 

Let /i G Kera', /2 G Ker6', and h = 5'(/i/2). Then by the p-compatibility assump- 
tion [/icr', f2S'] = ha' + a with a G Y¥a\^{W,p) and, furthermore, the span of functions 
like h coincides with (5'(C[Vr]). Thus C contains F{W,p)Q{a') which is (2). 

□ 
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Theorem 4. Letp : W ^ X be a refined volume fihration whose fiber and base have the 
algebraic volume density property. Then W has the algebraic volume density property. 

Proof. Suppose that 5[ is as in Convention 15.111 {ai} is a rich family on X, and a[ G 
hie'^iW) is a p-compatible hft of (Xj. Let k G Y¥''^ig{W). Then k = hia[ + 6 where 
hi G C[iy] and 6 G VFaig(VF,]5). By Proposition 15.161 and Lemma [5.12( 1) adding an 
element of L to k one can suppose that each hi G C[X]. Since ^ is a C[iy]-combination 
of . . . ,5[, . . . and d\v^{f5'i) = S^f), we see that div^ G F{W,p). On the other 
hand div^ Xli ^i'^i = Yji^iihi) = div^^^^hiai G C[X]. Hence div^^Y^^hiai = 
and 9 G VF'^ig{W,p). By assumption "^-hiai G Lie^^^(X). In combination with the 
existence of lifts for Uj and Corollary 15.141 this implies the desired conclusion. 

□ 

6. Volume forms on homogeneous spaces 

6.1. Definition. We say that an affine algebraic variety X is (weakly) rationally 
connected if for any (resp. general) points x,y E X there are a sequence of points 
xq = x,xi,X2, ■ ■ ■ ,Xn = y and a sequence of polynomial curves Ci, . . . , in X such 
that Xi—\.jXi G 

6.2. Remark. Since finite morphisms transforms polynomial curves into polynomial 
curves we have the following: if X is an affine (weakly) rationally connected variety and 
/ : X ^ y is a finite morphism then Y is also an affine (weakly) rationally connected 
variety. 

6.3. Example. It is easy to see that SL2{C) is affine rationally connected. (Indeed, 
SL2{C) can be presented as an algebraic locally trivial C-fibration over without 
the origin o. Over any line in that does not contain o this fibration is trivial 
and, therefore, admits sections which implies the desired conclusion.) Hence any semi- 
simple group is rationally connected since its simply connected covering is generated 
by S'L2(C)-subgroups. 

6.4. Proposition. Let X be an affine manifold andui^ui be algebraic volume forms on 
X. 

(1) If X is weakly rationally connected then uo = cui for nonzero constant c. 

(2) If G is a rationally connected linear algebraic group (say, unipotent or semi- 
simple) acting on X then uj o = uj for the action : X X of any element 
geC. 

Proof. (1) Note that u = hui where h is an invertible regular function on X. Let 
x,y,Xi,Ci be as in Definition 16.11 By the fundamental theorem of algebra h must be 
constant on each Cj. Hence h{x) = h{y) which implies the first statement. 

(2) Let e be the identity in G. Then we have a sequence go = e, gi, g2, ■ ■ ■ , gm = 9 
g such that for any i > 1 there is a polynomial curve Gi in G joining gi_i and gi. Again 
for every a G we have o $q = h{a)uj where /z is a nonvanishing regular function on 
Gi, i.e. a constant. This implies ujo^g = ujo^^ = u! which concludes the proof. □ 
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For a Lie group G one can construct a left-invariant (resp. right-invariant) algebraic 
volume form by spreading the volume element at identity by left (resp. right) multi- 
plication (one of these forms can be transformed into the other by the automorphism 
(p : G ^ G given by <f{g) = g~^)- Proposition 16.41 yields now the following well-known 
facts. 

6.5. Corollary. For a semi-simple Lie group G its left-invariant volume form is auto- 
matically also right-invariant. 

6.6. Remark. Since up to a finite covering any reductive group G is a product of a 
torus and a semi-simple group we see that the left-invariant volume form on this group 
is also right-invariant. 

6.7. Proposition. Let W be a linear algebraic group group, Y be its rationally con- 
nected subgroup, and X = W/Y be the homogeneous space of left cosets. Then there 
exists an algebraic volume form uix on X invariant under the action of W generated 
by left multiplication. 

Proof. Consider a left-invariant volume form u on W and left-invariant vector fields 
i/i, . . . , z/m on the coset eY ~ Y, where e is the identity of W, so that they generate 
basis of the tangent space at any point of this coset. Extend these vector fields to W 
using left multiplication. Since eY is a fiber of the natural projection p : W ^ X and 
left multiplication preserves the fibers of p we see that the extended fields are tangent 
to all fibers of p. Consider the left-invariant form ux = '•z^i ° • • • ° '■i^™ (where is the 
inner product of vector fields and differential forms). By construction it can be viewed 
as a non-vanishing form on vectors from the pull-back of the tangent bundle TX to 
W. To see that it is actually a volume form on X we have to show that it is invariant 
under right multiplication by any element y & Y . Such multiplication generates an 
automorphism of TW that sends vectors tangent (and, therefore, transversal) to fibers 
of p to similar vectors. Hence it transforms ujx into fyOJx where y ^ fy is an algebraic 
homomorphism from Y into the group of non-vanishing regular functions of W. Since 
the rationally connected group Y has no nontrivial algebraic homomorphisms into C* 
we have fy = l which yields the desired conclusion. 

□ 

By Mostow's theorem [16] a linear algebraic group W contains a Levi reductive 
subgroup X such that as an affine algebraic variety W is isomorphic to X x Y where 
Y is the unipotent radical of W. More precisely, each element w & W can be uniquely 
presented as w = g ■ r where g & X and r G F. This presentation allows us to choose 
this isomorphism W ^ X x Y uniquely. 

6.8. Corollary. For the isomorphism W X x Y as before the left invariant volume 
form uj on W coincides with ux x where ujx is a left-invariant volume form on X 
and ujy is an invariant form on Y . 

Proof. Note that uj is invariant by left multiplications (in particular by elements of X) 
and also by right multiplication by elements oiY (see. Lemma [631 (2)). This determines 
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uj uniquely up to a constant factor. Similarly, by construction ujx x ujy is invariant by 
left multiplications by elements of X and by right multiplication by elements of Y . 

□ 

6.9. Example. Consider the group W of affine automorphisms z — ^ 02; + 6 of the 
complex line C with coordinate z. Then Y ~ C+ is the group of translations z z^h 
and we can choose X ~ C* so that its elements are automorphisms of form z az. 
One can check that the left-invariant volume uj on W coincides with ^ A d6 while 
ujx = da/a and uoy = db. The isomorphism W ^ X x Y we were talking about 
presents a^; + 6 as a composition of az and z + b/a. Thus in this case Corollary 16.81 
boils down to the equality 

da da db 

Adb = — A — . 

a a 

6.10. Proposition. Let W be a linear algebraic group group, Y be its rationally con- 
nected subgroup, and X = W/Y be the homogeneous space of left cosets. Suppose that 
uj is the left-invariant volume form on W , ojy the invariant volume form on Y and 
uJx the volume form on the quotient constructed in Proposition 16.71 Then the natural 
projection p : W ^ X is a volume fibration with respect to the volume forms uj,u!x, 
and ujy- 

Proof. Choose locally nilpotent derivations a^, . . . , o"^ and semi-simple derivations cr'f._^_^, 
. . . ,(7'^ on W generated by the left multiphcation of W by elements of its C+ and C*- 
subgroups and such that they generate tangent space at each point of W. Since they 
commute with morphism p they yield locally nilpotent and semi-simple derivations 
(Ti, . . . ,(T„ on X with the same property. Take any point x G X and suppose that 
ai,. . . ,am generate the tangent space T^X (where I < k < m). Then we have the 
dominant natural morphism ip : G ^ X from the group G := C'^^'^^ x (C*)™--'^' given 
by the formula t = {ti, . . . , t^) hf^ o ■ ■ ■ o ht^^^x) where t & G and ht^ is the action 
of the element tj from the C+ or C*-group corresponding to the j-th factor in G. This 
morphism is etale at the identical element o = (0, . . . , 0, 1, . . . , 1) of G and ijj{o) = x. 
The restriction of if) to an open Zariski dense subvariety Z of C'""'"'"^ may be viewed 
as an etale neighborhood of a; G X. Suppose that uz (resp. 5"j) is the lift of the 
form UJx (resp. vector field a.i) to Z. By Proposition 16.71 ujz is invariant under the 
local phase flow generated by 5"^. Set W = W Xx Z. Then by construction, W is 
naturally isomorphic to Z xY and under this isomorphism each field a'^ corresponds to 
the horizontal lift of ai to Z xY. Hence uz x uy is invariant under the local phase flow 
generated by this lift of CTj. It is also invariant under right multiplication by elements 
of Y by Proposition 16.41 (2) and, therefore, determined uniquely by its value at one 
point. But the form u is also invariant under the local phase flow generated by a'- and 
under right multiplication by elements of Y again by Proposition 16.41 (2). Therefore, 
the preimage of u; on coincides with ujz x ujy since one can choose ujy so that both 
forms coincide at one point. 

□ 
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We finish this section with the following example of a refined volume fibrations. 

6.11. Lemma. Let W be a reductive group and Y be its Levi semi-simple subgroup. 
Then p : W X := W/Y is a refined volume fibration. 

Proof. By Proposition 16.101 it is a volume fibration. Thus by Definition 15. 131 it remains 
to find a rich family of algebraic fields on X that have p-compatible lifts. Let T be the 
connected component of the center of G. That is, T is a torus (C*)" and X ~ T /{Tr\Y) 
is also a torus (C*)" since the group T fl F is finite. Let us start with the case when 
Tny is trivial, i.e. X = T . Then W = X xY and p is the projection to the first factor. 
In particular, any "vertical" field 6' G AVF{W,p) contains C[X] C C[W] in its kernel. 
Every vector field cr g Lie^-^(X) has similarly a lift cr' G Liet^(M^) such that this lift 
contains C[Y] in its kernel. In particular, SpanKercr' ■ Ker^' = C[iy]. Furthermore, 
any vertical field 6' is of form fj6j where fj G C[W] and 6j is the natural lift of 
vector field on Y to W. Since [cr', = we have [cr', 5'] G AVF{W,p) which shows 
that any rich family of vector fields on X has the desired p-compatible lifts. 
In the general case when T fl F is not trivial we have a commutative diagram 

T xY ^ W 
iq ip 
T ^ X 

where the vertical arrows are unramified finite coverings. Let zi,...,Zn be natural 
coordinates on T ~ (C*)" and wi, . . . , w„ be natural coordinates on X ~ (C*)". Then 
up to constant factors we have Wj = YYi=i ^^'^ ■ -By Example 15.101 a rich family on X 
consists of vector fields of form v = fjWjd/dwj where fj is a function on X indepen- 
dent of Wj. Note that Wjd/dwj = '^^^^kijZid/dzi. Since Zid/dzi is associated with 
multiplication by elements of a C*-subgroup of T it may be viewed as a field on X and 
we can find its lift to W. Thus the fields wjd/dwj and also z/ have lifts to W and we 
need to check that they are p-compatible. 

Let cr' be the lift of one of these fields and cr" be its preimage onT xY. Each vertical 
vector field 6' on W (i.e. it is from the kernel of p^,) generates a vertical vector field 6" 
onT xY (i.e. it is from the kernel of g*). As we showed before [a", 6"] G AVF(T x Y, q) 
and therefore [a', 6'] G AVF{W,p). Furthermore, since SpanKercr" ■ Ker 5" = C[T x Y] 
we have still the equality SpanKercr' ■ KerS' = C[W] by virtue of Lemma 19.41 This 
concludes the proof of p-compatibility and the Lemma. 

□ 

7. Compatibility 

7.1. Notation. Let G be a semi-simple Lie group, Sq and S be its SL2 or PSL2- 
subgroups, and p : G ^ X := G/Sq be the natural projection into the set of left 
cosets. Suppose that 5 is a completely integrable algebraic vector field on 5*0 generated 
by right multiplications. Then it generates 6' G Liet^ig(G,p). Let H ~ C+ be a subgroup 
of S. Left multiplication by elements of H generate a locally nilpotent derivation a' 
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on G. Note that [a', 6'] = (i.e. we have an {S x S'o)-action on G) and a' generates a 
locally nilpotent derivation a on X associated with the corresponding if-action on X. 

We think of 5*0 being fixed and our aim is to find "many" 5* such that a' is in- 
compatible for S, i.e. the vector space generated by Ker cr' ■ Ker 5' coincides with C[G]. 
From now on we use the (seemingly overloaded) notation of strictly semi-compatibility 
for pairs of vector fields (for Definition see the Appendix) since it was introduced in 
the work of DoNZELLi, DvORSKY and the first author [5] and we like to stick to this 
earlier introduced notation. We apologize for any inconvenience to the reader. 

7.2. Lemma. Suppose go G G and S fl goSog^^ = T. Then the isotropy group of the 
point goSo G X under the S-action is T. In particular, if the S-orbit of g^So is closed 
then r is reductive by the Matsushima theorem. 

Proof. The coset goSo is fixed under the action of s G S" if and only if sgoSo C goSo 
which implies that g^^sgo G 5*0 and we have the desired conclusion. 

□ 

7.3. Proposition. Let T g = S r\ gS^g^^ be finite for every g E G. Then a' is p- 
compatible. 

Proof. Consider the quotient morphism r : G ^ Z := G/ /{S x Sq). Since Tg is always 
finite all orbits are equidimensional and, therefore, closed (indeed, for a reductive group 
S X Sq the closure of a non-closed orbit must contain a closed orbit, automatically of 
smaller dimension, which is impossible because all orbits are of the same dimension). 
By Luna's slice theorem for every point z E Z there exists a Zariski neigborhood 
U C Z, a Fg-invariant slice V <Z G through a point of r~^{z) such that r\v : V U 
is a surjective quasi- finite morphism, and a surjective etale morphism W —>■ r~^{U) 
where W = V x-pg {S x Sq). In particular, we have a natural surjective quasi-finite 
morphism W" :=V^x(S'xS'o) — »r^^([/). Clearly, the algebraic vector fields a" and 6" 
on W" induced by a' and 6' are strictly semi-compatible, i.e. the span of Ker cr"-Ker5" 
coincides with C[iy"]. Note also that for any C+ ^ < 5* the quotient G//H is 
smooth and the quotient morphism G ^ G//H is a holomorphic C-fibration over its 
image. By Lemmas 19.41 and 19.51 in Appendix the restrictions of a' and 6' to r~^{U) are 
also strictly semi-compatible. Thus there is a cover Z = [jUi such that each Ui is of 
form Ui = Z \ g^^{0) with gi G C[Z] and the restrictions of of a' and 5' are strictly 
semi-compatible on each Wi = r~^{Ui). For any function h E C-IG] its restriction h\wi 
is contained in Kercr'l^^. fl Ker 6' \wi- Since for any function ip G C[PFj] there exists 
m > such that (pgf^ G C[G] and since gi G Ker a' fl Ker 5', for an appropriate m the 
function hg^ belongs to the span of Ker a' ■ Ker 5'. Now the desired conclusion follows 
from the standard application of the NuUstellensatz. 

□ 

7.4. Remark. Lemmas 19.41 and 19.51 are to a great extend repetitions of Lemmas 3.6 
and Lemma 3.7 in |12j. Therefore, we put them in Appendix. 
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7.5. Lemma. Let G, So, X , and S be as in Lemma 17.21 and Tg = S H gS^g^^ where 
g E G. Suppose that Vg does not contain a torus C* for every g E G. Then every Vg 
is finite. 

Proof. Assume that Tg^ is not finite for some g^ G G. Tlien cannot be reductive 
(witliout a torus) and tlie S'-orbit O of g^So G X is not closed by tlie second statement of 
Lemma [7.2[ Furthermore, since any two-dimensional subgroup of 5*^2(0) contains C* 
we see that is one-dimensional, i.e. O is two-dimensional. Since S is reductive the 
closure of O must contain a closed orbit Oi of some point giS^ G X. Thus dimOi < 1 
and dimFgj > 2. But in this case as we mentioned F^^ contains a torus which yields a 
contradiction. 

□ 

In order to find S such that F^ = g^^SQgr\S does not contain a torus for every g & G 
we need to remind the notion of a principal SL2 or PS'L2-subgroup of a semi-simple 
group G (resp. principal s[2-subalgebra in the Lie algebra g of G) from [3]. Recall that 
a semi-simple element h of q is called regular if the dimension of its centralizer is equal 
to the rank of Q (more precisely, this centralizer coincides with a Cartan subalgebra f) 
of q). An SI2 subalgebra s of g is called principal if it contains a regular semi-simple 
element h such that every eigenvalue of its adjoint operator is an even integer. The 
SL2 (or PSL2) subgroup generated by such subalgebra is also called principal. For 
instance, in SLn up to conjugation every regular element is a diagonal matrix with 
distinct eigenvalues and any principal 5'L2-subgroup acts irreducibly on the natural 
n-space. Any two principal 5'L2-subgroups are conjugated in G and any 5'L2-subgroup 
corresponding to a root is not principal (unless Q = £[2) since its semi-simple elements 
are not regular. 

7.6. Lemma. If S is a principal SL2 (resp. PSL2) subgroup of a semi-simple group G 
and Sq be any subgroup of G that does not contain regular semi-simple elements. Then 
Tg = g~^Sog r\ S is finite for every g E G. 

Proof. Note that Tg cannot contain a torus since otherwise 5*0 contains a regular semi- 
simple element. Lemma [7.51 implies now the desired conclusion. 

□ 

7.7. Proposition. Let G be a semi-simple Lie group different from SL2{'C) or PSL2{C). 
Suppose that Sq,Z = G/Sq, p : G ^ Z, and a' are is in Notation 17. 1[ Let Sq corre- 
spond to a root in the Dynkin diagram. Then a' can be chosen that it is p-compatible 
(for any Sq corresponding to a root in the Dynkin diagram!!). Furthermore, there are 
enough of these p-compatible completely integrable algebraic vector fields a', so that the 
Lie algebra L generated by them generates VFaig(.Z') as a C[Z]-module. 

Proof. Let an SL2 (or PSL2) subgroup Sq correspond to a root and be a principal 
SL2 (or PSL2) subgroup. By Proposition 17.31 and Lemma 17.61 a' is p-compatible and 
we are left with the second statement. Suppose that X, F, if is a standard triple in the 
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5[2-subalgebra s of S, i.e. [X,Y] = H, [H,X] = 2X, [H,Y] = -2F 0. In particular, 
the locally nilpotent vector fields generated by X and Y are of form a' and they are 
p-compatible. Suppose that the centralizer of H is the Cartan subalgebra t) associated 
with the choice of root system and Xq, Yq, Hq is an s[2-triple corresponding to one of 
the roots. Conjugate 5* by a;o = e^^° where e is a small parameter. Up to terms of 
order 2 element H goes to H + e[H,Xo] after such conjugation, i.e. [if, Xq] belongs 
(up to second order) to the Lie algebra generated by X, Y, and the nilpotent elements 
of the Lie algebra of principal 5'L2-subgroup Xq^Sxq. Since each Xq is an eigenvector 
of the adjoint action of H we have [if, Xq] = oXq. Furthermore, a ^ since otherwise 
Xq belongs to the centralizer f) of the regular element H. Thus Xq and similarly Yq 
are (up o second order) in the Lie algebra L generated by fields of form cr'. The same 
is true for Hq = [Xq,Yq]. Thus values of L at any point z E Z generate the tangent 
space TzZ which implies L generates VFaig(2') as a C[Z]-module. □ 



8.1. Notation. In this section G is a semi-simple Lie group. By Si we denote an 
SL2 or PS* i72-subgroup of G (for each index z > 0) and hj pi : G ^ Xi = G/Si 
the natural projection. By abusing notation we treat C[Xj] as the subring p*{C[Xi]) 
in C[G] . Note that Lemma [5l2] implies that C[G] ~ F{G,pi) © C[Xi\ and denote 
by pr^ : C[G] C[Xj] the natural projection. For any semi-simple complex Lie 
group B denote by B'^ its maximal compact subgroup whose complexification coincides 
with B (it is unique up to conjugation). Let Ki = Sf. Define a linear operator 



for any function / G C[G] where fixX^) ^^e bi-invariant normalized Haar measure 
on Ki. 

8.2. Lemma. In Notation \8.1\ we have 

(i) the right multiplication by an element k E Ki generates a map \I' : C[G] —>■ C[G] 
(given by f{w) f{wk)) whose restriction to F{G,pi) is an isomorphism; 

(ii) Ker avj = F{G,pi), i.e. avj = pr^ and f — avi{f) G F{G,pi) for every f G C[G]. 

Proof. The right multiplication transforms every fiber Y := p^^{x) into itself and each 
completely integrable algebraic vector field on it into a similar field. Hence for every 
/ G F{G,Pi) we have ^(/)|p-i(2.) £ Fy. Now (i) follows from Lemma [5.121 Thus 
operator avj respects the direct sum C[G] ~ F{G,pi) © C[Xi] and sends C[G] onto 
C[Xj] so that its restriction to C[Xj] is identical map. This implies (ii). 



It is unfortunate, but we have to use the classical notation X, Y, H for a standard triple of an 
sb-algebra while in the rest of the text these symbols denote affine algebraic varieties and groups. 



8. Main Theorem 



av, : C[G] ^ C[G] by 




□ 
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8.3. Lemma. Let Sq and Kq be as before and let L = contain Kq. Consider the 
natural inner product on given by 



h-h2= / h{l)h2il)dflLil) 
Jl€L 

where fiL is the bi-invariant measure on L. Then C[Xo] is the orthogonal complement 
ofF{G,po). 

Proof. Consider hi G C[G]) and /i2 G C[Xo]. Show that avo(/ii) ■ h2 = hi - h2. We have 
I := avoih) ■ h2 = / hi{lko)h2{l)dfiKo{ko)dfJ^L{l)- 

J L J Ko 

By Fubini's theorem 

/= / / hi{lko)h2{l)dfiL{l)dfiKo{ko)- 

Set /' = IkQ. Then hiilk^) = hi{l') and /i2(0 = h2{l'k'^^) = h2{l') since /12 is right 
/^o-invariant. Using the fact that measures are invariant we see that / coincides with 

hl{l')h2{l')d^iL{l')d^iKo{ko) = 



Ko JL 



hi{l')h2{l'))dfiL{l') 



L 

where the last equahty holds since measure fiKo is normalized. Thus av(/ii) ■ /i2 = 
hi ■ h2- Now the desired conclusion follows from Lemma [8.21 and the fact that C[G] ~ 
F(G,po)©C[Xo]. □ 

8.4. Corollary. Let Sq, . . . , be as in Notation 18.11 with each Ki = Sf C L. Set 
F = YllLoF{G,pi). Then the orthogonal complement of F in C[G] coincides with the 
subspace V of functions that are invariant with respect to any Si-action generated by 
the right multiplication. In particular, if this set Sq, . . . , Sm contains all SL2 or PSL2- 
subgroups corresponding to positive ( or even simple positive ) roots for the Lie algebra 
of G then this orthogonal complement V consists of constants only and C[G] ~ F©C. 

Proof. Indeed, treating C[Xj] as p*(C[Xj]) we see that by Lemma [8731 the orthogonal 
complement of F in C[G] is \^ = (Hilo which is exactly the space of functions 

invariant under each 5'i-action. For the second statement note that if the sequence 
{Si} of subgroups generate the whole group G then these invariant functions must be 
constants. □ 

8.5. Lemma. Let {Sjj^Q, F, andV be as in Corollaru \S.A\ and fn G C[G']\F. Consider 
the smallest subspace U C CfG] that contains fo and such that for every i and every 
f function aMi{f) is also in U. Then 

(1) U is of some finite dimension N; 

(2) dimU nF = N -1 anddimU nV = 1. 
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Proof. Consider a closed embedding p : G > C" such that the induced action of G on 
C" is hnear. This yields a filtration on C[G] defined by minimal degrees of polynomial 
extensions of regular functions on G to C". Let Wk be the subspace of C[G] that 
consists of functions of degree at most k and : C[G'] ^ C[G] be the automorphism 
given by f{w) f{wl) for / e L. Since the G-action on C" is linear each automorphism 
$i sends Wk into itself. Hence the definition of avj implies that SiVi(Wk) C Wk- Thus 
U C Wk as soon as /o G Wk which yields (1). 

Denote the orthogonal projection onto \^ by pr : C[G] V and let /q = pr(/o). 
Since fo^Fwe have /g 7^ 0. Let P be the hyperplane in C[G] that consists of vectors 
of form /q + Pq where Pq is the hyperspace orthogonal to /q. In particular P contains 
/o- Since /g G C[Xj] for every i we see that P is orthogonal to each C[Xj]. Recall that 
the operator avj = pr^ is just the orthogonal projection to C[Xj], i.e. P is invariant 
with respect to these operators. In particular, if we set fj = avjj o ■ ■ ■ o aVj^(/o) for a 
multi-index J = (ji, . . . , j^) with jt G {0, . . . , m} then fjGPnU. 

We want to show that for some sequence of such multi-indices fj is convergent to 
a nonzero element of V or, equivalently, f'j is convergent to an element of fl Pq 
for f'j = fj — /q. Consider the subspace U' generated by vectors of form f'j. Let 
Ul = U' n C[Xi] and I = {J,i), i.e. f'j = avj(/j). By construction the operator 
prj \ = aVj \ if' is just the orthogonal projection to Ul- Hence if fj ^ f// we have 
II/7II < II/jII- Since U' is finite-dimensional this implies that one can choose {/j} 
convergent to an element v & U' and we can suppose that v has the smallest possible 
norm. Then pr(t') = v because of the last inequality. On the other hand pr(/j) = 
pr(/j) - pr(/o) = pr o av^^ o ■ ■ ■ o av^^ o(/o) - pr(/o) = /o - /o = 0. Thus v = 0. This 
shows fQ E V nU and therefore dim U HV > 1. 

On the other hand U contains a subspace Uq generated by vectors of form /o — fj. 
One can see that Uq is of codimension 1 in U. Furthermore, fo—fi = {fQ—fj) + {fj—fi)- 
Note that fj — fi = fj — ^^iifj) G F{G,pi) C F by Lemma 18^ Thus, using induction 
by the length of the multi-index J one can show that /o — /j G F. That is, dim UCiF > 
N — 1 which concludes the proof. 

□ 

8.6. Proposition. Any semi-simple group G has the algebraic volume density with 
respect to the invariant volume. 

Proof. Choose Sq, . . . , as in Corollary 18.41 and such that they correspond to simple 
nodes in the Dynkin diagram (it is possible since every semi-simple group G has a 
compact real form, i.e. we can suppose that Sf = Ki (Z L = G^). Consider the 
natural projections pi : G ^ Xi := Gj Si to the sets of left cosets. Choose pj-compatible 
completely integrable algebraic vector fields a' as in Proposition 17.71 and denote their 
collection by O. That is, vector fields from O are of zero divergence, they commute 
with any 6 G VF'^ig[G , Pi) , and they are independent from index i. Furthermore, these 
fields from B can be viewed also as zero divergence vector fields on Xi that generate 
VFaig(Xj) as a C[Xj]-module. 
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Let US fix an index i. Any algebraic vector field on G is of form 

u = ^hee + 6 

eee 

where the sum contains only finite number of nonzero terms, hg G C[G] and 6 G 
VFaig(G',Pi). Since SL^iC) and PSL^iC) are fine, C[G] = F{G,Pi) ®C[Xi] by Lemma 
15.121 Thus by virtue of Proposition 15. 161 adding fields from Lie^^g(G) to u we get a field 

eee 

where Si G VF^ig(G,pj), = miihe), and avj = pr^ is as Notation 18.11 That is, 
G C[Xi]. Suppose that div^ = and, therefore, diVj^(z/j) = 0. Note that 

eee eee 

while diVajSi G F{G,pi). Hence div,j(^ggQ /ig6') = diV(^(5j) = 0. Since SL2{C) and 
PSL2{C) have the algebraic volume density property, 6i G Lie'^(G,p) by Corollary 
15.141 Thus 1/ — z/j G Lie^;£,(G') where 

eee 

In particular it suffices to show that i>j G Lie^;^(G') and, therefore, we can suppose that 
(5 = in the original formula for u. Repeating this procedure we see that v — vj & 
^Kig{G) where 

yj = Y. hie 

eee 

for a multi-index J = (ji, . . . ,js) with jt G {0, . . . , m} and = avj^ o ■ • • o sMj^^he). 

By Corollary 18.41 and Lemma 18.51 the vector space generated by hg and functions of 
form hg is also generated by constants and functions of form hg — h^. Thus adding to 
z/ = J2eee vector fields of form v — and cQ (where c G C) we can reduce the 
number of nonzero terms in this sum. Hence v G Lie^;g(G') which implies the desired 
conclusion. 

□ 

8.7. Proof of Theorem [2]. Let us start with the case when G is reductive. Suppose 
that Y is its Levi semi-simple subgroup. Then by Proposition 16 . 1 1 1 p : G ^ X := G/Y 
is a refined volume fibration and by Theorem H] G has the algebraic volume density 
property. 

Now consider an arbitrary linear algebraic group G and let Y be its unipotent ideal 
and X be a Levi reductive subgroup of G. By Corollary 16.81 the Mostow isomorphism 
G ^ X X Y makes the left invariant volume a; on G equal to ux x where ujx 
is left invariant on X and uy is invariant on Y . Now by Proposition 14.41 G has the 
algebraic volume density property with respect to uj which concludes the proof of our 
Main Theorem. 
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8.8. Remark. Theorem [2] remains, of course, valid if instead of the left invariant 
volume form we consider the right invariant one, because the affine automorphism 
G ^ G, g ^ g^^ transforms the left invariant volume form into the right one while 
preserving the complete integrability of the algebraic vector fields. 

9. Appendix: Strictly semi-compatible fields 

9.1. Notation. In this section Hi is isomorphic to C+ for i = 1,2. We suppose also 
that X is a normal affine algebraic variety equipped with nontrivial algebraic ifj-actions 
(in particular, each Hi generates an algebraic vector field 6i on X). The categorical 
quotients will be denoted Xi = X/ /Hi and the quotient morphisms hj pi : X Xi. 

9.2. Definition. A pair {61,62) of algebraic vector fields (as in Notation 19. ip is called 
strictly semi-compatible if the span of Ker5i ■ Ker52 coincides with C[A]. 

We shall need the following obvious geometric reformulation of Definition. 

9.3. Proposition. Let 61 and 62 be as in Notation 19. 1[ Set p = {pi, P2) : X ^ Y := 
Xi X X2 and Z equal to the closure of p{X) in Y. Then 61 and 62 are strictly semi- 
compatible if and only if p : X Z is an isomorphism. 

9.4. Lemma. Let X, Hi, Xi, 6i, and pi be as in Notation \9.1\ with 61 and 62 being strictly 
semi-compatible and [61,62] = 0. Set T = Hi x H2. Let X' be a normal affine alge- 
braic variety equipped with a non- degenerate T-action and p : X ^ X' be a finite 
V -equivariant morphism (for each i = 1,2), i.e. we have commutative diagrams 

X ^ Xi 
iP iQi 
X' ^ XI 

where p[ : X' X- = X'/ /Hi is the quotient morphism of the Hi-action on X' . 
Suppose also that p\ makes X' an etale locally trivial C-fibration over p[{X'), and 
Xi,X2 are affinE- Then Span(C[A{] ■ C[X^]) = C[X']. 

Proof. Since p is finite, every / G C[Aj] C C[X] is a root of a minimal monic polynomial 
with coefficients in C[X'] that are constant on iJj-orbits (since otherwise / is not 
constant on these orbits). By the universal property these coefficients are regular on 
X-, i.e. / is integral over C[Aj'] and qi is finite. Consider the commutative diagram 

X X1XX2 
ip iq 

X' ^ X[x X^ 

where p = {pi,p2), p' = {p[,p2), and q = {qi,q2)- Let Z (resp. Z') be the closure of 
p{X) in Xi X X2 (resp. p'{X') in X[ x A^). By Proposition [U p : A ^ Z is an 

'^In all cases we apply this Lemma the C+-action generated by Hi extends to an algebraic 5*272 (C)- 
action and, therefore, Xi is affine automatically by the Hadziev theorem [11] , 
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isomorphism and, therefore, by Lemma 3.6 in ^12j p' : X' ^ Z' is birational finite. 
Since the statement of this Lemma is equivalent to the fact that p' is an isomorphism, 
it suffices to prove p' is a holomorphic embedding. 

Consider an orbit O d X oi Hi and set O' = p{0), = P2{0'). Each of these 
orbits is isomorphic to C+ and, therefore, the ifi-equivariant finite morphisms p\o '■ 
0^0' and pjlo' : — > must be isomorphisms. Thus one has a regular function 
on X2 whose restriction yields a coordinate on O' ~ O2 ^2- Since locally X' is 
biholomorphic to [/ x O' where U is an open subset of p'i{X') C X[ we see that 
p' : X' ^ X( X X2 is a local holomorphic embedding, i.e. it remains to show that p' 
is injective. For any x G X set x' = p(a;), and x[ = Pi{x'). Assume that x and y & X 
are such that {x'i,X2) = (l/i,l/2)- Arguing as in Lemma S.d^ in [12] we can suppose 
that X and y belong to the same fiber of pi that is, by assumption, an i^i-orbit O. 
Since P2I0' '■ O' ^ O2 is an isomorphism we have x' = y' which implies the desired 
conclusion. 

□ 

9.5. Lemma. Let the assumption of Lemma \9A\ hold with one exception: instead of the 
finiteness of p we suppose that there are a surjective quasi-finite morphism r : S ^ S' 
of normal affine algebraic varieties equipped with trivial V-actions and a surjective V- 
equivariant morphism q' : X' S' such that X is isomorphic to fibred product X' Xs' S 
with p : X X' being the natural projection (i.e. p is surjective quasi-finite). Then 
the conclusion of Lemma 19.41 remains valid. 

Proof. By construction, Xi = X[ X5/ S. Thus we have the following commutative 
diagram 

X ^ (X; X X^) X(5,xs') ('^ X 5) SxS 
[p [q iij\r) 

X' ^ X{ X X'2 ^"^'^ S' X S'. 

Set Z (resp. Z') equal to the closure of p(X) in Xi x X2 (resp. p'(X') in X[ x X2) 
and D S (resp. D' ~ S') be the diagonal subset in 5* x S* (resp. S' x 5"). Since 
X = X' Xs' S we see that Z = Z' x^' D. 

Assume that p'(x') = p'{y') =: z' for some x',y' G X'. Then by the commutativity 
of the diagram we have also g'{x') = g'iy') =: s' . Since r is surjective r(s) = s' for 
some s G 5". Thus the elements (x', s) and (y', s) of X' Xgi S go to the same element 
(2;', s') of Z' X£ii D under morphism p. By Lemma 19.3 p : X ^ Z is an isomorphism 
and therefore x' = y'. Hence p' : X' Z' is bijectivqj. It was shown in the proof of 
Lemma [931 that p' is locally biholomorphic, i.e. it is an isomorphism which implies the 
desired conclusion. 



^It is shown in that Lemma that Pj{p~^{x')) = q~^{x'j) for a general point x € X and to adjust 
the argument to the present situation one needs it to be true for every point in X, but this follows, 
of course, from continuity and finiteness of qj . 

^Note that this (slightly modified) argument provides a much simpler proof of Lemma 3.7 in [12j 
where assuming that p is birational finite one needs to show that p' is such. 
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